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Bubble size and distribution of bubble sizes were studied in an air fluidized bed, 11.5 in. in
diom. and 3 ft. high, by taking motion pictures of the bubbles breoking the top surface of the
bed and by determining the size of the bubbles from the film. The distribution of bubble
volumes at @ given bed height wos expressed as a gamma distribution with parometers obtained
from the observations. A statistical mechanical method proposed by Hulburt and Katz for
studies in agglomeration of particles was used in the mathematical formulation of the problem.
A proposed mechanism of bubble growth by coalescence in gas fluidized beds resulted in @
one parameter model. Comparisons of the distributions predicted by the model to the experi-

mentally obtained profiles yielded the parameter of the model.

In gas fluidized beds the gas in excess of that required
for incipient fluidization passes through the bed as bub-
bles. These bubbles grow as they travel up the bed, mainly
because of collisions with other bubbles. Average size
and size distribution of bubbles are needed in the design
of fluidized beds in gas-solids contact for mass transfer,
heat transfer, and chemical reactions where, for example,
a gaseous reaction is catalyzed by the fluidized solids (2,
3).
Bubble growth has been investigated by various re-
searchers. Experimenting with transparent wall beds,
Ohmae and Furukawa (4) and Mathis and Watson (5)
observed that bubbles adjacent to the wall increase in
size, owing to coalescence. Morse and Ballou (6), Yasui
and Johanson (7), Lanneau (8), and Porter (9) studied
bubble characteristics by means of probes submerged into
the bed. Grohse (10) and Baumgarten and Pigford (11)
used radiation absorption techniques to measure density
fluctuations in the path of a beam through fluidized beds.
Romero and Smith (I2) used a flash x-ray method to
study internal structure of 3-in.-square fluidized beds.
They obtained instantaneous pictures of an 11l-in.-high
part of the bed.

Results obtained by these methods are somewhat diffi-
cult to interpret. Use of the submerged probe, for example,
may disturb the bubbles; also there is no way of knowing
whether passage of a bubble through the probes is sym-
metrical when a diameter is recorded or off-center when a
chord is recorded. Although the radiation absorption and
flash x-ray techniques do not disturb the bubbles, these
methods can not distinguish one bubble behind the other
in the path of the rays. Useful results, however, were ob-
tained about bubbling fluidized beds as follows:

1. Bubbles grow in size as they travel up the bed while
bubbling frequency decreases.

2. At a given bed height, bubbles are larger at higher
flow rates.
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3. Larger bubbles travel up the bed faster than smaller
ones.

Harrison and Leung (13) investigated the coalescence
of bubbles injected one behind the other into an incipiently
fluidized bed. They found that the time required for the
second bubble to catch up with the first increases by
increasing the initial distance between the two bubbles.
They also found that with the same separation, the catch-
up time is smaller for larger bubbles.

In the present work bubble sizes in gas fluidized beds
were quantitatively determined. By taking movies of the
top surface of the bed, the number of bubbles per unit
bed height, average bubble volume, and variance of bub-
ble volumes were obtained as a function of bed height.
Results were compared to the values predicted by a model
based on a proposed mechanism of bubble coalescence
yielding the parameter of the model.

MATHEMATICAL MODEL

The mathematical development follows that of Hulburt
and Katz (1). Two sets of coordinates describe the bubble,
an external one specifying its location (that is, the vertical
distance z from the origin) and an internal one specifying
its dimensions (that is, the bubble volume m). The number
density of the bubbles f(z,m,t) is defined so that
f(z, m, t) dzdm is the number of bubbles at time ¢ in a
slice of bed from z — dz/2 to z 4+ dz/2 and having vol-
umes from m — dm/2 to m + dm/2. A function h(z, m, t)
representing the net rate of introduction of bubbles into
the system is also defined so that h(z, m, t) dzdm is the
net number of bubbles having volumes from m — dm/2
to m + dm/2 introduced per unit time, at time £, into a
slice of bed from z — dz/2 to z + dz/2 by means other
than flow.

The conservation of bubble volume yields
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Collisions between bubbles of volumes m; and my are
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Fig. 1. Distribution of bubble volumes (0 to 30 cu. in.).

assumed to be proportional to the product of the number
densities of the two species and the mean projected area
of the two bubbles. The rate of formation of bubbles of
volume m by coalescence then is

B

ry= E-S_f f(zs m’, t)

f(z, m—m’, t) [m 1/3 1 (m —_ m’)1/3]2 dm’ (2)

and the rate of loss of bubbles of volume m because of
collisions with other bubbles is

e =-Slif(z, m, t) ff(z, m,t) (m\/3 4 m’ 13)2 dm’
(3)

where § is the cross sectional area of the bed. The integra-
tion is taken over all possible values of m” in each case.

B is a collision parameter with dimensions of velocity.
It is proportional to the relative velocity of the colliding
bubbles and results by multiplying this relative velocity
by the collision efficiency (fraction of collisions resulting

' 6 2/3
in coalescence) and the numerical factor Y (—) re-
k3

sulting from the expressions (m;/% + m,!/%)2 B might
really be a function of m and (m — m’), but as a first
approximation we assume it to be a constant. This assump-
tion has led to reasonable results in the study of other
coalescence phenomena.

Combining these two rates gives

mam o) =3 {5 f fam.n Gm—mw.o
[ 4 (m — m) Y512 dnt — f(z, m, 1
S #am, ) (mirs 1 sy dm b e

Substituting Equation (4) into (1) yields

of  o(vf) B[ 1 ,

f(z, m — m” t) [m11/3 + (m — m/)1/3]2 dm’

— f(z,m,t) ff(z, m, t) (mV/3 + m'1/3)2 dm’ } (5)

The velocity may be expressed as a function of bubble
volume m (9, 12, 14, 15, 16)

v = Aml/6 (8)

where A is a constant.
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-

Substituting this in Equation (5) and considering steady
state we obtain

mi‘edf(z, m) _

1
= v {3 S temimew)

(M3 4 (m — m')V3)2 dn
— f(z,m) f f(z, m’) (m1/3 4 m’1/3)2 dmy’ } N

where b = B/AS is a new constant.
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Fig. 4. Top bed surface (2.4 in. high).

Equation (7) describes the steady state evolution of
the number density with bed height. It may be simplified
by applying moment methods on it, thus yielding a set
of differential equations for the moments of m. These
moments are defined as

b = j;w mif (z, m)dm; =0 (8)

(po is therefore the total number of bubbles per unit bed
height, p; their total volume, etc.)
Using moments- on Equation (7) gives

dunv1s 1 < (n)
_dx_ = -é_ zo r ([’vn—r+2/3’l’f
+ 2tn—r+1/30r+1/8 + Pn—ritr+2/3)
— (popn+2/3 + 211/38n+1/3 + Mos3kn)
n n!
n=0,l,2,...;( ) _— (9)

r/ (n—r)ir!

Here the transformation x = bz was used.
The first three equations obtained from (9) for n = 0,

Fig. 5. Top bed surface (9.1 in. high).

Fig. 6. Top bed surface (26.7 in. high).

These equations contain too many unknowns and they
do not close for any n. Approximate solutions, however,
may be sought by expanding f(x,m) into a Laguerre
series:

fom) == po (22) 2 koo (22) 9

a a
where
1
o - A-lp-z
pP(z) = TSty 2 —le (14)
is the T distribution and
i N —
L) = 3, (—ap AL
=% fla—GE+r—1—!
i=01,2 ... (15)

are the associated Laguerre polynomials.

This series is developed so that the first term contains
three parameters, ko, @, and X, and the second and third
terms drop out. As f(m) is a function of x, the parameters
ko, a, and A are expected to be functions of x also. The
three parameters are

1, and 2, respectively, are: ko = po (16)
dpyse a=p/pmo (17)
= — (popass + p1/s?) (10) 2
dx a
A= — (18)
dprse 0 1) o/ po — a®
dr ( Hence ko is the total number of bubbles per unit bed
d height, a is the mean bubble volume, and @%/\ the vari-
#1376 f bubble volumes. Here only the first term of the
=9 2 12 ance o y
dx (mabsss + base?) (12) series was used, i.e., the distribution of bubble volumes
TABLE 1. PROPERTIES OF GLASS BEADS
Density: 156 Ibs./cu.ft.
Average Bulk density,
diameter, u Size distribution 1b./cu.ft.
470 U. S. Sieve No. 20 40 50 60 93.7
% retained 0 70 25 5
200 U. S. Sieve No. 60 70 80 100 94.2
% retained 10 40 40 10
85 U. 8. Sieve No. 170 200 230 270 93.6
% retained 15 65 15 5
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was represented by a I' distribution.

Am
Mo L (MY T
Fm) === 5o (a ) ¢

This distribution is shown in Figures 1 and 2 where
the circles represent experimental values of the normalized
cumulative number of bubbles plotted against bubble
volume. The solid line is the normalized incomplete T
function

G(m) (™ f(m)
ko “fo ko

(19)

am’

am’

LD 1 am/ O\l ——

=f ______(_f_) e @ dm (20)
S e (Z=1)! a

with parameters kg, @, and \ calculated from the data. The
normalized T' distribution f(m)/k, also is shown in the
figures. Using moments (19) yields

a)" (n4+x— 1!

#n = ko (T O —1)!

; n=0 (21)

With the aid of Equation (21), moments are expressed
in terms of the three parameters of the distribution ko, a,
A. Equations (10) to (12) are transformed now into a set
of equations in ko, @, A:

dky  — ketaV?

= { 42R (A) — AQ(1)

dx 36
[P - hﬁ&]} (22)
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where
[r0e2)  m(ed)
R(\) = G + —
r(x+%—) r(x)r(\x+~€)
(25)
P = [v (04 2) s | e
1
Q(k)=xs_}2 rz()»+ 31)
r(x)r(x+-€)
e+ 2)
— T ——— | - 36R(\) (27)

r(r45)

Here I'(a) = (a — 1)! is the gamma function and y(a) =
dInT(a)
da
Relations (22) to (24) constitute a set of coupled ordi-
nary differential equations that, with proper initial con-
ditions, can be solved to yield the profiles ko, a, A as they

develop in x.

is the digamma function, both tabulated (17).

Initial Conditions

Bubble formation in gas fluidized beds is not yet well
understood. Jackson (18), Pigford and Baron (I9), and
Porter (9) consider bubbles as the outgrowth of small
local disturbances in the distribution of particles and voids
of a uniformly fluidized bed. Employing a linearized
stability analysis, they found that small local disturbances
in the number of particles per unit bed volume propagate
both upward and downward in the bed from their point
of origin. The downward components are damped out
rapidly while the upward components increase in ampli-
tude exponentially as they propagate, giving rise to in-
stability. These theories, however, apply only to infinitesi-
mal disturbances and may describe the initial rate of
growth of small disturbances. Once the disturbances have
grown to finite size, the nonlinearities of the original
equations, which were ignored in the analysis, may be-
come important; conclusions may not be drawn on finite
size disturbances or “bubbles.” Davidson and Harrison
(20) suggest that voids of a size equal to that of the
particles characterize a bed at incipient fluidization. Voids
ten times the particle size are considered bubbles. Voids
of sizes between 1 and 10 define a transition from particu-
late to aggregative fluidization. Even this simple demarca-
tion does not give a complete set of initial conditions to
be used with Equations (22) to (24). Because initial con-
ditions can not at present be derived on first principles,
the equations were solved with initial conditions, the ex-
perimentally obtained distribution at the lowest bed height.
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TABLE 2. PROPERTIES OF CRACKING CATALYST

Bulk density: 32.5 lbs./cu.ft. Density: 153 lbs./cu.ft.
(loosely packed)  Particle density: 55 lbs./cu.ft.

Size distribution
(micromesh analysis)

Size, u 0-20 0-40 0-80 0-105 0-149
Weight, % 2 21 77 92 99

EQUIPMENT AND EXPERIMENTS

Equipment

The fluidization unit consisted of a clear wall plastic column
11.5 in. 1D, flanged into a porous stainless steel support
plate (see Figure 3). The surface of the bed was illuminated
by floodlights. Two movie cameras®—an 18-mm. and a 35-mm.,
both with adjustable speeds—were used.

Procedure

At any particular run the height of the bed at rest was
measured, and the bed was fluidized at a high air flow rate.
The flow was maintained at this level for several minutes and
then reduced to the desired level. Air flow rate, temperature,
and pressure were recorded along with pressure drop across
the bed. The floodlights were turned on, the camera was ad-
justed for the right distance and lens opening, and the motion
pictures were taken for a prescribed time interval. Air flow
conditions and pressure drop along the bed were again checked
and the run was completed.

The frames of the developed film were numbered consecu-
tively starting with 1 for each run, and these numbers served
as the time calibration of the runs. The numbered film was
projected on coordinate paper and frame number, coordinates
of the center, and diameter were recorded for each bubble
just before bursting. For bubbles that were not round, the
geometric mean of the maximum dmax and minimum dpin
measured dimensions were recorded as the diameter d;

di = max in ( 28 )

The inside diameter of the tube was used as a reference for
calibrating lengths. Incipient fluidizing velocity for each solid
was taken as the maximum velocity at which no bubbles appear
in a 4 in. high bed.

Materials

Glass beads (Table 1) of narrow size distribution and crack-
ing catalystt (Table 2) of wide size distribution were fluidized
with air. When the catalyst was fluidized, its very fine particles
formed a cloud of dust which filled the containing column above
the bed surface and created poor visibility for taking motion
pictures.

These unsuitable conditions were overcome by fluidizing the
catalyst for 1 hr. at 0.54 ft./sec. air velocity and allowing the
dust to be carried away. Because the catalyst then lost 5% of
its original volume, its size distribution in the experiments was
somewhat different from the one given in Table 2, with most of
the 0 to 20 and some of the 20 to 40x fractions missing. No
size distribution determination of the treated material was
made.

 INTERPRETATION OF DATA

From data available by direct measurement, a shape
factor was calculated

(F—F,)T
= -I_—
n; di3
i=1

c (29)

# Products, 200 EE and Eyemo, of Bell & Howell Co.
t Fluid, high-alumina cracking catalyst donated by W, R. Grace & Co.
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TABLE 3. SHAPE FACTORS OF BUBBLES BREAKING THE SURFACE

Cracking
Material Class beads Sand catalyst
Average particle size, u 470 200 85 160* 59
Average shape factor 0.240 0.153 0.0847 0.141* 0.125
Number of shape factors averaged 14 13 25 — 4
Standard deviation of shape factors 0.082 0.017 0.0299 — 0.0128

® Values calculated from the data of Harrison and Leung (13).

Shape factors at all bed heights and flow rates used, for
the same material, were averaged. This average factor
(Table 3) was used in calculating bubble volumes.

m; = Cdi3 (30)

The implicit assumption is that bubbles breaking the top
surface of the fluidized bed are geometrically similar for a
given material, This was verified by Harrison and Leung
(14) in experiments with bubbles injected into a bed at
incipient fluidization. They found relation (30) to hold for
bubble diameters up to 75% the diameter of the column.

Bubble velocity was calculated by
v; = A mil/8 in./sec. (31)

where A is a proportionality constant. Proposed by David-
son et al. (15), this relation was verified by these authors
as well as by Harrison and Leung (I14) and Rowe and
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Fig. 10. Experimental and predicted values of ko, @, 1/A in beds of
glass beads.
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Partridge (16) in experiments with injected bubbles and
by Romero and Smith (12) in naturally bubbling beds.
In each of these studies the value of the calculated con-
stant was somewhat different. Rowe and Partridge found
the constant to depend on particle size and shape, and
their values are used here. Thus, the total variation in the
value of the constant for the particles used becomes about
10%, and the average value

A = 14 in."2/sec.

is used throughout.
Next ko, @, and 1/A were calculated and compared to
the values predicted by the model.

(32)

(33)

Z\Niml

i=1

8 = — (34)

1/ = -1 35
o (35)
where
ny
N; = 3
V=T (36)

is the number of bubbles of the it size per unit bed
height. '

Shape factors and values of ko, a, arnd 1/\ obtained
from the experimental data with the aid of Equations
(29) to (36) are on file.”

Error Analysis

The experimental distributions (21) resulted from two
primary measurements: the projected diameter of a bub-
ble (i.e., a length) and the number of bubbles. Although
the magnitude of the error in measuring a ‘ength is known,
there is no way to estimate the error in measuring the
number of bubbles, especially in beds with a large number
of small bubbles where a bubble could be missed or
counted twice.

The effect of errors in measuring the projected diameter
is shown in Figures 1 and 2. The dashed lines represent
an upper and a lower limit for the cumulative distribution
function G(m) /ko resulting from over- and underestimat-
ing all the projected diameters by an amount equal to the
absolute maximum error.

® Tabular material has been deposited as document 01249 with the
ASIS National Auxiliary Publications Service, ¢/o CCM Information Sci-
ences, Inc., 22 W. 34th St., New York 10001 and may be obtained for
$2.00 for microfiche or $5,00 for photocopies.
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RESULTS

Photographs of bubbles breaking, or just about to break,
the top bed surface at three different bed heights are
shown in Figures 4, 5, and 6. In the three cases, glass
beads of a 470u average size were fluidized with air at
0.638 ft./sec. superficial velocity.
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TABLE 4. VALUES OF THE PARAMETER OF THE MODEL

D, Uo
Material microns ft./sec U/U, bin.—3/2
1.25 0.0200
1 470 0.510 { 1.50 0.0195
Glass ‘ 1.40 0.0150
beads 200 0.149 { 2.32 0.0190
1.67 0.0180
2.23 0.0165
85 0.0263 3.34 0.0140
4.46 0.0175*
5.57 0.0175*
Cracking 59 0.0035 2.06 0.0260
catalyst

# Arbitrary value,

Plots of ko, @, and 1/X vs. x predicted by the model are
shown as solid lines in Figures 7 to 16. The experimental
values of the variables are presented with the parameter
b, obtained by a least-square fit of ko and a in each plot.

In Figures 9, 10, and 13 the points at the highest bed
were not included in the least-squares fit. The bubbles
were large compared to the column diameter, and the
model was not expected to predict the observed values.
The initial values of ko, used to derive the profiles in
Figures 6 and 8, are larger than the experimental values.
This is because the bubble flow rate calculated from the
motion pictures (using a shape factor averaged for the
runs included in the plot) was lower than that calculated
from flowmeter measurements. In both cases the initial
value for ko was adjusted to correspond to the bubble
flow rate obtained from flowmeter measurements. The
experimental points in Figures 14 and 15 were too scat-
tered and no fit was attempted. The theoretical lines were
arbitrarily drawn to show the predicted trends.

In Figures 7 to 16 the effect of bed height on bubble
population and volume is clearly seen. The total number
of bubbles per unit bed height decreases very rapidly
with increasing bed height while the mean bubble volume
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increases equally fast. The variance of the distribution,
measured in units of squared mean, increases with bed
height until it reaches a limiting value. The effect of
velocity on ko and a is similar to that of bed height. At
high velocities there are fewer larger bubbles per unit
bed height. Velocity has no apparent effect on the variance.

Agreement between experimental and predicted values
of ko and a is good. The model predicts higher values of
1/x at lower bed heights and a limiting value 1/A = 3.1
at higher beds. This limiting value agrees with the experi-
mentally obtained value of 1/\ for higher beds. The model
does not predict the experimental values at higher beds
at higher flow rates. This corresponds to larger bubble

02 0.4
X= bz

glass beads.

06

sizes where perhaps wall effects become important.

Values of the parameter b for each type of material and
flow rate are listed in Table 4. Surprisingly, no trend was
observed in the variation of the values of b with flow rate
or particle size. We can also reevaluate B, which has an
approximate magnitude of 27 in./sec. This velocity is of
the same order of magnitudes as the velocity of the indi-
vidual bubbles, which indicates that the main contribution
to B might be the difference in velocity of bubbles of dif-
ferent size and that the collision efficiency must also be

quite high.

More data in larger and higher beds are needed before
one can conclude that this value of B applies also to in-
dustrial size fluidized beds. In the absence of other data,
one might use the above value to get an approximate
estimate of bubble size distribution in large beds. Of
special interest is that, regardless of particle size and
velocity, the bubbles continue to grow with height. Ex-
periments in much larger and higher beds are needed to
show whether bubbles do reach a limiting size, as some-
times postulated. If so, a considerable height is obviously
required. In calculating the mass transfer from the bub-
bles to the fluidized bed, this requirement as well as the

Yol. 17, No. 1
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wide size distribution of the bubbles should be taken into
account.

CONCLUSIONS

The determination of bubble volumes by taking motion
pictures of the top surface of the bed and measuring the
diameter of the bubbles breaking surface is a convenient
way to study bubble growth in gas fluidized beds. How-
ever, determination of a shape factor for the material used,
which relates the diameter of the bubble breaking sur-
face to the bubble volume, is necessary.

A model of bubble growth by coalescence in gas fluid-
ized beds was established. The proportionality constant of
the proposed mechanism may be considered as a represen-
tation of the velocity differences of the colliding bubbles.
In this study it was assumed to be independent of bubble
volume and was obtained from the experimental results.
The model predicted the change in average bubble size
and in the number of bubbles per unit bed height for small
and moderate bubble sizes. The collision parameter of the
model appears to be independent of gas flow rate and
particle size. When the bubble diameters approach that
of the column, the model does not predict the observed
distributions.

A striking feature of a bubbling gas-fluidized bed was
the fast rate of bubble growth. The number of bubbles per
unit bed height was found to decrease by three or more
orders of magnitude over three feet of bed height while
the average bubble volume increased by an equivalent
amount. The results did not show when an equilibrium
maximum bubble size is reached.

Growth by coalescence, therefore, is an important proc-
ess in the “life” of a bubble as it moves up the bed. This
process should be taken into account in setting up models
of bubbling gas-fluidized beds for mass or heat transfer
or chemical reaction between gas and fluidized particles,
instead of considering the bubbles all of the same size and
uniformly distributed throughout the bed.
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NOTATION

a = mean bubble volume, cu. in.

A = constant in the velocity expression (6) in.*/sec.

B == proportionality constant in the collision mecha-
nism, in, sec.”!

b = parameter of the model, in.~3/2

C’ = shape factor relating bubble volume to the diam-
eter of the bubble breaking surface

C = shape factor averaged for the material

d = diameter of bubble breaking the top surface of
the bed, in.

d; = diameter of bubbles of ith size breaking top sur-
face of bed, in.

D, = average particle diameter, p

f = number density of bubbles, in.~*

F = gas flow rate, cu.in./sec.

F, = gas flow rate at incipient fluidization, cu.in./sec.

G = incomplete gamma function

h = source function, in.”* sec.”!

H = bed height, in.
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Hy, = settled bed height, in.

I == total number of different bubble sizes in a run

ks = number of bubbles per unit bed height, in.—!

L = associate Laguerre polynomials

m = bubble volume, cu.in.

n; = number of bubbles of diameter d;

N; = number of bubbles of diameter d; per unit bed
height, in.~!

p = gamma distribution

ry = rate of bubble formation by coalescence, in.—*
sec.™1

re = rate of disappearance of bubbles because of col-
lision, in.~* sec.—!

S = cross sectional area of bed, sq.in.

t = time coordinate, sec.

T = time interval of a run, sec.

U = superficial air velocity, ft./sec.

Uy = superficial air velocity at incipient fluidization,
ft./sec.

v = bubble velocity, in./sec.

X = transformed space coordinate (= bz), in.~5/2

z = space coordinate, in.

Greek Letters

r = gamma function

A = dependent variable, related to the variance of
bubble volumes, defined by Equation (18)

#j = J]% moment of m. Defined by Equation (8)

¥ = digamma function
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